Direct Numerical Simulation (DNS) of decaying isotropic 3D magnetohydrodynamic (MHD) turbulence based on the 1024 3 -modes in a periodic box is used to study the statistical properties of turbulence. In this paper, the presence of intermittency in MHD turbulence is investigated through the analysis of the Probability Distribution Function (PDF) for Elsässer fields and total energy fluctuations. We observe that the PDFs of the Elsässer fields fluctuations display a strong non-Gaussian behavior at small scale, which can be ascribed to multifractality feature, while the PDFs of the total energy fluctuations have the same shape over all observed scales and are monofractal. The PDFs have stretched exponential tail and satisfy the function P(| δX |) ∼ exp(−A | δX | µ ). Numerically, we extract the exponent µ and find that it is constant for monofractal behavior as the length scale varies. To check the notion of self-similarity in the respective fluctuation, we apply the compensated structure functions.
Introduction
One of the important features of turbulent systems is inertial-range intermittency. The anomalous scaling in the inertial range and the exponential tails in the probability density functions (PDF) of velocity fluctuations are ascribed to the intermittency in turbulent flows. The intermittency behavior of velocity increments in the inertial range has been a controversial subject during the years [1] . The Kolmogorov-Obukhov refined similarity hypothe-sis which was based on the dissipation rate averaged over a sphere with diameter of leads to scaling law for the moments of velocity structure functions (SF) [2] S ( ) = δ ∝ ε /3 /3 (1) where δ is two-point increments and ε is the energy dissipation, averaged over a sphere of size . The brackets indicate ensemble averaging. This approach is motivated by the observation that turbulence energy dissipation is not homogeneously distributed in space. However the presence of intermittency in the system refer to the spatial distribution of the dissipation ε by introducing of scaling exponent τ ,
It turns out that
where ζ = τ( /3) + /3 is a nonlinear function of and then the dissipation rate is multifractal. On the other hand, magnetohydrodynamic (MHD) flows, such as laboratory plasmas (tokamaks [3, 5] ), and of astrophysical plasmas (the solar wind, interstellar medium [6] ) can represent a fully developed turbulence. However, MHD flows as a nonlinear system of magnetized fluids, due to their large Reynolds number are also the only accessible medium to study MHD turbulence. We try to simulate MHD flows with direct numerical method. Physically, MHD turbulence systems are more complex than fluid turbulence due to the coupling vector fields, velocity and magnetic , and two dissipation parameters, viscosity and resistivity. It requires powerful statistical tools to describe such systems [7] . An Intermittency has been observed in MHD flows [3] , in particular, in experimental studies, analyses of satellite measurements of solar wind fluctuations [8, 10, 11] and in high resolution 3D numerical simulations [12] [13] [14] . All these analysis deal with the scaling exponents of structure functions, aimed to show that they follow anomalous scaling laws which can be compared with the usual energy cascade models for turbulence. In non-intermittent case the scaling exponent ζ of the Elsässer fields SF,
, displays a linear dependence on the ; this dependence is ζ = /3 in Kolmogorov's theory and ζ = /4 in Iroshnikov-Kraichnan's theory. However, experimental observations and numerical computational due to varying energy transfer in the inertial range have shown a nonlinear behavior of such scaling exponents. The presence of intermittency in MHD flows is simply confirmed by the departure from the Gaussian distribution at small scale [16] and suggests a multifractal model to approximate the shapes of the PDFs. Single point measurements can not uniquely determine the existence of turbulence and then we need to construct increments of the respective turbulence field. The statistical properties of MHD turbulence are characterized by the PDFs and SFs of the Elsässer field, ± = ± fluctuations over varying scale. DNS of homogeneous isotropic 3D MHD turbulence have been used to understand such phenomenon. Indeed, only numerical simulations with considerable high resolutions have become a convenient method to simulate real system such as the solar wind. We attempt one such simulation. In this work we investigate the behavior of the PDFs and SFs of the following parameters namely i) the Elsässer fields ± fluctuations, and ii) the total (magnetic + kinetic) energy density fluctuations. We observe that the PDFs of the Elsässer fields display well-known multifractal characteristics while the PDFs of the total energy have leptokurtic distribution and are self-similar over all observed scales and show the monoscaling feature. The tail of PDFs follow from a exponential law and can be used to characterize the statistical properties of turbulence in and beyond the inertial range of scales [17] .
MHD simulation
We can write the incompressible MHD equations in term of the vorticity ω and the magnetic field ,
where µ and η are kinematic viscosity and magnetic diffusivity, respectively and ∇ · = ∇ · = 0. To simplify the notation, we normalize the MHD equations with respect to the Alfvén time τ A = L/ A , where L is a convenient scale length, A = B 0 / 4πρ 0 and B 0 is a typical magnetic field. It is more convenient to show the equations in a symmetrical form, in term of Elsässer fields with given in Alfven speed unit,
where
is the total pressure and ∇ · ± = 0. Equations (4 -6) or equation (7) are solved in a cubic box of size 2π with periodic boundary conditions. We restrict our calculations to the small mean correlation
which lead to set + − = . In equation (9) E K and E M are kinetic energy and magnetic energy respectively and defining the cross-helicity as
]. For finite ρ, the respective energy spectra can differ considerably [18] , demanding a more complex theoretical approach [19] . To study the nonlinear which represent the dynamo problem,i.e. the amplification of a magnetic field by plasma turbulence and the effect of a strong magnetic field on plasma respectively, will not be treated here. Decaying macroscopically isotropic 3D MHD turbulence is represented by 1024 3 Fourier modes samples from a pseudospectral DNS. The simulation is done equidistantly in time over a period of about 10 large-eddy turnover times. It makes available an almost homogeneous fullydeveloped turbulent to simulate a real medium.
Numerical results (PDFs and SFs)
Turbulence is characterized by a broad range of spatial scales exhibiting certain scaling properties: the energycontaining scales driving the flow, the dissipation range at the smallest scales where energy is removed from the system and the inertial range where nonlinear interactions govern the dynamics and the influence of driving and dissipation is negligible. The energy spectrum, which was found in previous work [15] , exhibits scaling law in the inertial range, i.e. E ∼ −5/3 , close to the Kolmogrov exponent. However, the statistics of MHD turbulence can be characterized by the PDF of stochastic variable increment X ( ) over varying scale. We have is of the order of the injection scale, at which the turbulence is excited. We now compute time-and space-averaged increment series δ + and δ( + ) 2 by equation (10) for several values of scale , ranging between from = 0 0061 up to = 6 068 . The Kolmogorov dissipation length is defined as = (µ 3 /ε) 1/4 and involves the total energy dissi-
]. The increments are normalized with the E 1/2 to compensate for the decaying amplitude of the turbulent fluctuations. The PDFs are then generated for each position series of the respective increments. Fig. 1 shows evolution for some selected P(δ( + ) 2 ) versus on log-linear plot. The non-Gaussian nature of PDFs over all scales is evident. The PDFs are highly symmetric and become increasingly broader with growing reflecting the increase of turbulent energy towards largest scales. Interestingly, the PDFs have leptokurtic shape at all scales. We can ascribe this feature to monofractality phenomenon. Moreover, leptokurtic distribution has a tail with an increased probability as compared to Gaussian case. On the contrary, P(δ + ) exhibits a multifractality behavior. The associated PDFs loose their small-scale leptocurtic character when increasing and become approximately Gaussian at large scales as can be seen from Fig. 2 . We would like to note that very important information on a turbulence field can be derived from structure functions as well as PDFs. Scaling exponents of the structure functions provide fundamental statistical information, for example, the -dependence of the ζ characterizes the intermittency of flow structures. Numerous models have been devised to predict the behavior of S , especially to obtain the scaling exponents ζ [4] . We can calculate S ( ) using the PDF, P(δX ), as follows
The increment X ( ) is self-similar with the scaling parameter α (α ≥ 0), if δX ( ) = λ α δX (λ ) for any λ. This leads
According to equation 12, there is a family of PDFs that can be collapsed to a single curve P , if α is independent of as already noted in [16, 17] . To apply the rescaling procedure given by equation 12 the exponent α can be extracted from the the root of the second-order structure function, σ ( ) = [S 2 ( )] 1/2 . In the inertial range σ exhibits power-law behavior with respect to the increment distance, σ ( ) ∼ α . The inset of Fig. 1 shows the rescaled PDFs of the total energy within the inertial range. Using equation 12, one may find for arbitrary ,
which for a statistically self -similar , scaling exponent ζ would be ζ = α with α K 41 = 1/3. On the contrary, in some case one can observe multifractality scaling, in the sense that ζ = α Fig. 3 shows some selected SFs of the Elsässer field according to equation (11) with corresponding in the inertial range. Similar behavior is also found for SFs of total energy but is not shown. The slope of the curve gives a scaling exponent ζ which can be obtained by fitting a straight line to a log-log plot in the middle range of . Because of the increasing of statistical errors at the higher orders, such a fitting becomes rather arbitrary. To clarify the concept of self-similarity, however, it is informative to compensate the SFs with
; the result are shown in Fig. 4 and Fig. 5 . We see that the compensated SFs of the total energy reach to horizontal lines in the interval ∈ [0 05 0 3] which confirm the self-similarity behavior.
Because of the resulting multiscaling of the Elsässer field, it is evident that the compensated SFs do not show the same behavior. Of course, one can observe in the Fig. 5 the correctness of the relation S 3 ( ) ∼ ε which was predicted by Kolmogorov (1941) . Another testing of mono-or multi-fractality is presented by analyzing the tails of PDFs. The monoscaling property of the PDFs or equivalently the approximate selfsimilarity of the fluctuations of total energy leads to the collapse of PDFs to the single curve when the rescaling method is used to detect statistical differences between monofractal and multifractal features [16, 17] . Our goal indeed is not to "fit" the results obtained by well-known distribution such as Casting, Lévy and etc, but to find the mathematical function with the fixed parameter. By fitting the tail of PDFs with the exponential function, one can see the sample of extracting the exponent µ in Fig. 7 ,
it is possible to describe intermittency through a small set of parameters. As a result, numerical analysis on positive fluctuations shows that good fits can be obtained in the wings of PDFs and in the interval [10σ 20σ ], where σ is standard deviation the data. Fig. 6 shows the dependence of the exponent µ on for PDFs of total energy (stars) and Elsässer field (squares). The shape of the PDFs of the total energy do not change significantly, as varies over the inertial range, this ensures that the exponent µ remains constant. on the contrary, when increases the presence of multifractality become increasingly manifest in the form stretched tails of PDFs of Elsässer field (Fig.  2) , therefore the exponent µ increases, as can be seen in Fig. 3 .
Summary
It has been shown that the probability density functions of energy increments in three dimensional incompressible and homogeneous MHD turbulence exhibit monoscaling in the inertial range similar to observation made in the solar wind [16, 17] which can be explained by the presence of the self-similar energy cascade over this range of scales. Interestingly, it is also found that the energy PDFs as opposed to the PDFs of turbulent field increments, do not display a significant change of shape over a range of scales with extends beyond the inertial range. The analysis of simulation data on the tail of the PDFs show that the variation of exponent µ is the result of the random multiplicative processes.
